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1. (a) Define the normed linear space W k,p
0 (Ω) for 1 ≤ p ≤ ∞ and k ∈ N.

[2]

(b) Is it true that C∞(R) is dense in H1(R \ {0}). [2]

2. (a) State Trace theorem for H1(Ω). [2]

(b) Let Ω be a bounded open set in IRN with C1 boundary Γ. Let u, v ∈
H1(Ω). Then for 1 ≤ i ≤ n, show that∫

Ω

u
∂v

∂xi
= −

∫
Ω

∂u

∂xi
v +

∫
Γ

(γ0v) (γ0u) νidS

where γ0u and γ0v denotes the trace of u and v respectively. [4]

3. Derive d’Alembert’s formula for the wave equation in one space dimension.
Deduce the smoothness of the solution in terms of the given data. [5]

4. Let Ω = (a, b) and a = x0 < x1 < · · · < xn = b be a partition of Ω. Let
Ik = (xk−1, xk) for k = 1, 2 · · ·n. Let f : Ω→ IR be such that f |Ik ∈ H1(Ik)
for each 0 ≤ k ≤ n− 1. Show that f ∈ H1(Ω) if and only if f ∈ C(Ω). [5]

5. Let 1 < p ≤ ∞ and u ∈ Lp(Ω), where Ω is an open subset of IRN . Show
that u ∈ W 1,p(Ω) if there exists a constance C such that |

∫
Ω u

∂ϕ
∂xi
| ≤

C‖ϕ‖Lp′(Ω) for every ϕ ∈ C∞c (Ω) and 1 ≤ i ≤ n, p′ is the conjugate

exponent of p. [5]

6. State and prove Lax-Milgram lemma. [5]

7. Fix an α > 0 and Ω = B1(0). Show that there exists a constant C de-
pending only on n and α such that∫

Ω

u2dx ≤ C

∫
Ω

|Du|2dx

provided |{x ∈ Ω : u(x) = 0}| > α. [5]

8. Define hypoelliptic operator. Prove that Lu = −∆u+ u is a hypoelliptic
operator in IRN . [5]
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